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Teacher:

Class:

FORT STREET HIGH SCHOOL

2015

HIGHER SCHOOL CERTIFICATE COURSE
ASSESSMENT TASK 3: TRIAL HSC

Mathematics Extension 2

Time allowed: 3 hours
(plus 5 minutes reading time)

Syllabus | Assessment Area Description and Marking Guidelines Questions
Outcomes
Chooses and applies appropriate mathematical techniques in 1-11
order to solve problems effectively
E2,E3 Applies appropriate strategies to construct arguments and 12
proofs in the areas of complex numbers and polynomials
E4, E6 Uses efficient techniques for the algebraic manipulation of conic | 13
sections and determining features of a wide variety of graphs
E7,E8 Applies further techniques of integration, such as slicing and 14
cylindrical shells, integration by parts and recurrence formulae,
to problems
E5 Uses ideas and techniques of calculus to solve problems in 15
mechanics involving resolution of forces, resisted motion and
circular motion
E2-E8 Synthesises mathematical processes to solve harder problems 16
and communicates solutions in an appropriate form
Total Marks 100 SectionI | Total 10 | Marks
Section I 10 marks Q1-Q10
Multiple Choice, attempt all questions. SectionII | Total 90 | Marks
Allow about 15 minutes for this section. Q11 /15
Section 11 90 Marks Q12 /15
Attempt Questions 11-16. Q13 /15
Allow about 2 hours 45 minutes for this section. Q14 /15
General Instructions: Qiz / 12
Questions 11-16 are to be started in a new booklet. Q /
The marks allocated for each question are indicated. Percent

In Questions 11 - 16, show relevant mathematical reasoning and/or calculations.
Marks may be deducted for careless or badly arranged work.
Board - approved calculators may be used.




Section |

10 marks

Attempt questions 1-10 Allow 15 minutes for this section
Circle the correct response on the paper below.

1 The diagram below shows the graph of the function y = f(x).

Which diagram represents the graph of y* = f(x)?
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What is the value of 2= given the complex numbers z, =-2+2{ and z, =1 +if3?

4

L]

@ BB
2 2
(B) 1—£_ﬁ+li
2 2
© PBL, B
4 4
oy 1=¥3 B+
4
3

2 2

For the ellipse with the equation % +y?_ =1. What is the eccentricity?

1 1
Ay — B) =
(A) , (B) 5
3 9
) — Dy =
(©) 2 (D) T
4
x2 y2
Consider the hyperbola with the equation —- —=—=1.
144 25

What are the equations of the directrices?

13
A) x=deo
@A) x=*r2

13
B) x=+>
B x=*3
25
) x=t2
<) x T

144
D) x=+—
(D) x=2-2



What is the value of jl ¢ ~dx?
0]+ ¢
(A) log,(1+e) B) 1
1+
©) loge( °) D) log,< -2
2 2
6

The region is bounded by the lines x=1, y=1, y=-1 and by the curve x=-y". The

region is rotated through 360° about the line x=2 to form a solid. What is the correct
expression for volume of this solid?

1
|3V S g
*

@) 7=[ z(y' -4y +3)dy

® v=[ 2(y'+4y7 +3)y

© v=[ z(y -4y’ +4)y
(

@) V=] z(y+4y* +4)ay
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A particle of mass m falls from rest under gravity and the resistance to its motion is mkv?,
where v is its speed and k is a positive constant. Which of the following is the correct
expression for square of the velocity where x is the distance fallen?

(A) f:%@ﬂﬁﬂ
®) + :-‘i—(ne*ﬂﬂ')
©) v2=%{1me”j
(D) V= -‘%(1+ezk")
8

Consider the Argand diagram below.

Which inequality could define the shaded area?
(A) 0<|z<2

(B) 1<|z|<2
(©) 0s|z-1<2
D) 1g]z-1<2



The points P(cp, £) and Q(cg, E) lie on the same branch of the hyperbola xy =¢* (p # g).
4 q

The tangents at P and Q meet at the point T. What is the equation of the normal to the
hyperboia at P?

(A) p'x—py+c—cp*=0
(B) p’x—py+ec—cp'=0
(C©) x+p’y-2¢=0
(D) x+p°y—2ep=0

10
Which of the following is an expression for IM dx ?
4 +sinx
Use the substitutionu =4 +sinx.
(AY —4lnj4+sinx|+c (B) 4In|4+sinx|+c

(C) —sinx—4In|4+sinx|+¢ (D) 4+4sinx—-4In|4+sinx|+c



Section Il

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Question 11 (15 marks) Marks

a. The sketch is of the even function y = f(l)

Y
FAS

/\ \‘\ "' .f/\\

/ \ \

'~—.\
N
e -

On separate number planes, sketch each of the following. Clearly showing
important features

1
L y=f(x)-2 )
i y=f(x-2) )

il y=|f(x)
2

iv.  y'=f(x)
2

v. y= L
/()
b.

dx 3



¢. The solid shown stands on a square base and the cross sections parallel to the
base are squares with the diagonal being chords of a circle with centre at the
origin and radius 27 units.

units cubed.

Show that the volume is



Question 12 {15 marks)

a. lLetz

iil.

=3~ and u=-5+6i

Find Im(uz)
Find |u—z|
Find —2iz

u :
Express — in the form a+bi, where g and b are real numbers.

z

If 2+iisarootof P(x)= =62 +9x° +6x—20, resolve P(x) into
irreducible factors over the field of complex numbers.

Sketch the hyperbolax =4secf, y =3tan# showing clearly any

points of intersection with the axes, the coordinates of the foci, the
equation of the directrices and the equation of the asymptotes.

If P{x,,,)is any point on the hyperbola in part i, show that
|PS — PS’l =8 where Sand S’ are the foci of the hyperbola.

Marks



Question 13 {15 marks) Marks

a. Suppose that f(x)is the function:

3
1
—-(4+x)(2--x),for x<0
4
HORS
Z(4—x)(2+x),forx> 0
Sketch on a number plane the graph of the function y = f'(x) , showing all the
important features.
b.
Z  sec’x 3
i.  Evaluate J“ —dx
0 l+tanx
Inx . . 3
il.  Find an expression for JO e’ sm(e' )dx , Inits simplest form
C.
i. Ifa,Band yare the roots of the cubic equation x° —3x* —6x+7=0
find, the equation whose roots are &, % and »* ?
i.  The roots of the equation £ +gt—r=0 areq, band c.
3

If S, =a"+b" +c" where nis a positive integer, prove that
S.=rS —¢qS

nt3 n+l




Question 14 (15 marks)

iil,

Using DeMoivre’s theorem show that the solutions of the equation z° =1
in the complex number system are :

) 2r 4
z=cos@+isinf for & O,—ﬂ,—ﬂ
If ancisTﬂ show that @ +@+1=0and @’ - —w—2=0

Hence or otherwise solve the cubic equation z° —z° —z~2=0

Find the equation of the tangent and the normal to the ellipse
x* +4y* =100 at the pointP(S, —-3) .

The normal at P meets the major axis of the ellipse at & . The
perpendicular from the centre 1o the tangent at P meets this tangent at

K . Show that PG x OK is equal to the square of the semi-minor axis of
the ellipse.

Marks



Question 15

Marks
a. A particle is fired vertically upwards with initial velocity ¥ metres per second, and
is subject both to constant gravity, and to air resistance proportional to speed, so 5
that its equation of motion is:x = —g — kv, where & > Qis a constant, and gis
acceleration due to gravity.
- dv
By replacing x by VE and integrating, prove that the projectile reaches a
maximum height H given by:
|4 kv
H :mméln 1+—
k& g
b.
On separate Argand diagrams sketch: 2
i |z-2i<2
2
3
ii. arg(z—(1+z'))=——
4
C.
a i
: = — Ve 2
i.  Show that JO f(x)a’x _[0 f(a l)d)..
z z 2
ii. Hence show that J“‘ 1n(1+tanx)dx=]4 In| —— 1 dx 2
¢ 0 I+tanx
2

Fig
iii. Hence evaluate L“ In(1+tanx) dx



Cuestion 16

a.
Area enclosed by y = (x— 2)2 and the line y =4 is rotated about the y axis.
i Draw a diagram to illustrate this.
ii.  Using the cylindrical shells find the volume of the solid formed.
b.
i If aisa multiple root of the polynomial P(x) =0, prove that P'{a) = 0.
ii.  Find all the roots of the equation 16x° —12x? +1 = Qgiven that two of the
roots are equal.
c.

A weight is oscillating on the end of a spring under water. Because of the
resistance by the water (proportional to speed), the equation of the

particleis: x= —4x—2\[§x where x is the distance in metres above
equilibrium position at time # seconds. Initially the particle is at the
equilibrium position, moving upwards with a speed of 3 m/ s

‘""ng

i.  Find the first and second derivatives of x = 4de "' sint, where A4 is the

constant, and hence show that x = Ae"ﬁt sint, is a solution of the

differential equation, x =—4x— 2\/3_’x ,then substitute the initial
conditions to find 4.

ii.  Atwhat times during the first 27 seconds is the particle moving
downwards?

End of examination

Marks
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Section| 10 marks
Atternpt questions 1-10 Allow 15 minutes for this section
Circle the correct response on the paper helow.

1 The diagram below shows the graph of the function y = f(x).

N
ta
T
.
a4
[ER
P

Which diagram represents the praph of y* = f(x)?

()

1o

waafe

P
]

2

— Soluhong

What is the value of —L given the complex numbers z, =2 +2{ and z, =1+ i3?

Zy

_2+2 1-if3
143 1-i3
_=2+2i3+2i+243
- 143

_ 214 f3) i1 +4/3)
T g
J§—1+J§+1_

i
2 2

J§—1+«/§+1

2 2

K

A)

i

2
For the ellipse with the equation -ZE-{-—%

B =at(l-e")
3=4(1-¢&%)

(l—ez)=§~ orezw% ore=-—1-

2

® <

7>

1. What is the eccentricity?



2 2

. . Loxt oy
Consider the I bola with the equation——=—=1.
WP RS VYR
What are the equations of the directrces?
B =at(e’ -1) a* =144 and 5 =25.
25=144(e* -1) a=12 b=5
(cl—l)—E ore’ _169 ore—E
144 144 12
Equation of the directrices are x = ig = :!:% .
e

©) x=+i42

x

dx?

x

1 g
What is the value of L I
+e

r d a’x=[[og (]+ex)]
014e” e

1

0
=log,(l1+e)—log,2

L (1+e)
= log, 2

(1+e)
2

(C) log,

The region is bounded by the lines x =1, y=1, jf:——] and by the eurve x =—y*. The

region is rotated through 360° about the line x=2 to form a solid. What is the correcl
expression for volume of this solid?

'
% o

Area of the slice is an annulus

Inner radius is 1 and outer radius is 2+ »* and height y
A= JT(RI - rz)

= 7:({2-&-3:2)2 —11)

=Jr(4+4y1 +y* —1)

:Jr(y" +4y° +3)
OV =845y

1
V=g;1ll_1%.;_lzr(y‘+4y2 +3)§y

=Ijlﬂ(y‘ +4y_1 +3)dy

B) V=J-_]lzr(y4 4yt +3)dy
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A particle of mass m falls from rest under gravity and the resistance to its motion is mhr’,
where v is its speed and & is a positive constant. Which of the following is the correct
expression for square of the velocity where x is the distance fallen?

liwg-kv"’
1 &’ N
— V_ =g-—,’a/"
2dx = dv =
g-kv?
2k e ="K
g-h”

-2+ e=log, |g ~iv?

Initial conditions t=0,v=0and ¥=0 or €~ log, g

~2ee = log,

E—Ev2
g

v =%(1—«e“2“)

Consider the Argand diagram below.

¥

A

N

‘Which inequality could define the shaded area?

| 211 represents a region with a centre is {0, O} and radius is greater than or equal to 1.

[z ]2 represents a region with a centre is (0, 0) and radius is less than or equal to 1.

The points P(cp, mcf-) and Q(eq, E) lie on the same branch of the hyperbala xp=¢® (p=g).
r q

The tangents at P and @ meet at the point T. What is the equation of the normal to the
hyperbola at P?

To find the gradient of the tangent.
2

xy=e
a
c—+y=0
ldx Y
b__x
dx x
£
ap(ep, Sy Lo L
& e p

Gradient of the normal is pz (mymy, =—1)
c
Equation of the normal at P {¢p, —)
p

[ad
y-—=p'(x—cp)
p

py-e=px—cp’
Px—py+e~cp'=0

(B) pPx—pyre-gp'=0
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‘Which of the following is an expression for J Tos
+sinx

Use the substitutionu =4 +sin x.

Let ¥ =4-+8INX then

du
— =COosX
dx

Now Sinx=u—4

j‘smxcfosxdl_:.[(u—tl)cosx du
4-+sinx U cosx
mj‘l-i du

u
=y—4Iln|ul+e
=4+sinx~4ln|[4+sinx|+c
=sinx~4n|4+sinx|+c

(D) 4+sinx—4in|4+sinx|+c

sinxcosx

dx?
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